Abstract. We construct an algebra of non-trivial homological operations on Khovanov homology with coefficients in Z 2 generated by two Bockstein operations. We use the unified Khovanov homology theory developed by the first author to lift this algebra to integral Khovanov homology. We conjecture that these two algebras are infinite and present evidence in support of our conjectures. Finally, we list examples of knots that have the same even and odd Khovanov homology, but different actions of these homological operations. This confirms that the unified theory is a finer knot invariant than the even and odd Khovanov homology combined. The case of reduced Khovanov homology is also considered.
Introduction
Throughout this paper, L will denote a link in R 3 and D its planar diagram. There are two integral versions of sl 2 link homology of L: the ordinary Khovanov homology H e (L) [Kh99] , which we refer to is this paper as even, and the odd Khovanov homology H o (L) [ORS13] . Despite being different over integers [Sh11] , even and odd Khovanov homology theories agree modulo 2. We denote the resulting homology by H Z 2 (L). Differentials in the even and odd Khovanov chain complexes induce two Bockstein connecting homomorphisms on H Z 2 (L) that correspond to the short exact sequence of coefficients 0 Z 2 Z 4 Z 2 0. We denote them by β e and β o respectively:
Ranks of each of β e and β o can be easily recovered from the integral homology: they are equal to the number of invariant factors isomorphic to Z 2 in the corresponding homology group, see [Ha10, Proposition 3E.3] . On the other hand, β e and β o are as algebraically independent as possible: they not only do not commute, but all their alternating compositions are nontrivial. More precisely, let β := β e + β o . Since β 2 e = β 2 o = 0, we have that ββ e = β o β e and ββ e = β e β o . Hence, the only nontrivial compositions of Bockstein homomorphisms of length n are β n−1 β e and β n−1 β o , whereas β n is their sum.
The even Khovanov homology is multiplicative with respect to disjoint unions of links,
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implies primitivity of the even Bockstein homomorphism β e . The first author has recently proved the multiplicativity of the odd homology [Pu14] , which implies primitivity of β o . Similar formulas hold for connected sums of knots, in which case one considers a derived tensor product over the algebra assigned to a circle [Kh04, Pu14] . This allowed us to construct in Example 3.7 a knot with 20 crossings for which the alternating compositions of four Bockstein homomorphisms are nontrivial.
Conjecture 3.8. The operations β n , β n−1 β e , and β n−1 β o are nonzero and pairwise different. Another surprising fact is the existence of integral lifts of both Bockstein operations. They are constructed using a link homology H ξ (L) that is defined over a ring Z ξ := Z[ξ]/(ξ 2 −1) and unifies the even and odd Khovanov homology theories. H e (L) and H o (L) can be recovered from H ξ (L) by taking coefficients in certain modules over Z ξ [Pu13] . Namely, there are isomorphisms of graded abelian groups
where Z e := Z ξ /(ξ − 1) and Z o := Z ξ /(ξ + 1) are Z ξ -modules on which ξ acts as identity or negation respectively. Both Z e and Z o are isomorphic to Z as abelian groups. It is not immediately clear whether H ξ (L) is a stronger invariant than H e (L) and H o (L) together. The authors are not aware of any software package that can compute the unified homology explicitly. This might be due to the complexity of classification of modules over the ring Z ξ . The results of this paper indicate that H ξ (L) is actually a finer invariant than the even and odd homology combined.
Let
, and C ξ (D) the Khovanov chain complexes for the even, odd, and unified homology, respectively. We recall in Section 2 that C ξ (D) can be considered as an extension of complexes C e (D) and C o (D) in two different ways. The two short exact sequences
. In Section 4 we show that ϕ eo and ϕ oe are, in fact, Bockstein homomorphisms corresponding to certain short exact sequences of Z ξ -modules. Moreover, they are integral lifts of the Bockstein homomorphisms β o and β e , respectively. Proposition 4.1. Given a link L there are commuting squares
Similarly to the Bockstein operations over Z 2 , we expect that the alternating compositions of the integral operations do not vanish, see Conjecture 4.3.
Computer-based calculations reveal pairs of knots that have the same homology groups (both odd and even), but different actions of the integral operation, see Section 6. This implies that the unified link homology
Remark 1.2. Most of the constructions described in this paper can be applied to arbitrary complexes over the ring Z ξ , not necessarily those arising from links. Indeed, with every such a complex C we can associate its 'even' and 'odd' integral versions, C e := C ⊗ Z e and C o := C ⊗ Z o , that have the same reductions modulo two
The differentials in C e and C o induce two Bockstein homomorphisms on H(C Z 2 ; Z 2 ), each admitting an integral lift.
Outline. This paper is organized as follows. We begin with a pullback description of the ring Z ξ and the unified Khovanov homology H ξ (L). It provides a neat way to see the even and odd Khovanov complexes as subcomplexes and quotient complexes of C ξ (L) at the same time. Section 3 describes the construction of Bockstein operations for homology with coefficients in Z 2 . We present examples of knots for which compositions of up to four Bocksteins are nontrivial to support Conjecture 3.8. Integral Bockstein operations and the integral analog of Conjecture 3.8 are treated in Section 4. Section 5 contains a brief discussion of the case of the reduced Khovanov homology. The results of computer-based calculation are presented in Section 6.
Summary of notation. In this paper, for every diagram D of a link L we assign a number of different chain complexes and their homology. The notation used is listed in Table 1 . We also define several homological operations on different versions of Khovanov homology. For convenience, we list pages on which they are introduced in Table 2 . 
integral even Bockstein homomorphism p. 9
integral even degree 2 operation p. 15 Table 2 . List of homological operations together with pages on which they are introduced.
2.
A pullback description of the unified homology
As mentioned in the introduction,
is the universal ring of coefficients in our framework. The rings Z e and Z o arise as quotients of Z ξ , and both project to Z 2 in a unique way. Notice, that Z 2 admits a unique Z ξ -module structure, as ξ is invertible. Thence we obtain a commuting square diagram shown to the right. In fact, it is a pullback square in the category of rings.
Lemma 2.1. There is an isomorphism of rings
that the projections on the first and on the second factors are exactly Z e and Z o .
Proof. The desired isomorphism maps 1 to (1, 1) and ξ to (1, −1). This map is injective, since (a + b, a − b) = (0, 0) implies a = b = 0, and surjective, as (a, b) with a ≡ b mod 2 is an image of
ξ. To finish the proof, notice that the action of ξ preserves the first factor, but negates the second. Proof. The chain complex C ξ (D) is a sequence of free Z ξ -modules, so that the functor M C ξ (D) ⊗ M, where M runs over Z ξ -modules, is exact. In particular, it preserves pullbacks.
According to the corollary above, we can regard H ξ (L) as a derived pullback of the diagram
Furthermore, the kernel of the projection
is the subcomplex of C o (D) formed by elements divisible by 2, which is isomorphic to the odd Khovanov complex. Likewise, the kernel of
. Hence, there are short exact sequences
0, and
so that C ξ (D) is an extension between the two chain complexes. We shall show in the subsequent sections that its homology is a stronger invariant than both even and odd homology together. However, the difference is very subtle.
Proof. The pullback (f, g) of the chain maps f and g is the desired quasi-isomorphism, which follows from the 5-lemma applied to the exact sequence (6).
Bockstein operations in Khovanov homology
Since the odd and even differentials agree modulo 2, there are at least three Bockstein operations on H Z 2 (L):
d o x , and 3. the mixed Bockstein, β := β e + β o .
The last one arises from the short exact sequence of coefficients
where the inclusion of Z 2 maps 1 into 1 + ξ. Indeed, from the pullback description of
1 A chain map is a quasi-isomorphism if it induces an isomorphism on homology.
To see that there is nothing more, use the free resolution
In particular, the sum of any two of the three Bocksteins results in the third.
Choose a chain complex C with a differential of degree 1. Due to the Universal Coefficient Theorem, the homology of C with coefficients in Z 2 is given as the direct sum Example 3.1. The odd Khovanov homology of alternating links has no torsion [ORS13] , so that the odd Bockstein is trivial. On the other hand, the even Khovanov homology of any torus knot T 2,n contains a Z 2 summand [Kh99] , and the even Bockstein does not vanish.
The following result follows directly from the definition of the operations. The even Khovanov homology is multiplicative with respect to disjoint union and connected sum of links:
where A = Zv + ⊕Zv − is the Frobenius algebra associated to a circle [Kh99, Kh04] . In the latter formula, we regard C e (D) as an A-module with the action of A induced by the cobordism that merges a circle to the link diagram at the place where the connected sum is performed, see Figure 3 .
The same formulas were recently proved for the odd Khovanov chain complexes [Pu14] . Since Z 2 is a field, the Künneth formula identifies the homology of the disjoint union or connected sum as tensor products of homology:
H e 0 1 2 3 4 5 6 7 21 (10 124 ). Then β o (u) = 0, β e (u ′ ) = 0, β o β e (u) = 0, and β e β o (u ′ ) = 0 (see Fig. 2 ). It is now straightforward to verify
In particular, both compositions are nontrivial, but
The vanishing of β 4 above is not surprising-it is a well-known fact that given a primitive operation θ, each power θ 2 r is also primitive. Indeed, one first computes
and then checks that According to the discussion after Proposition 3.2, the existence of nontrivial compositions of length bigger than ℓ implies that β ℓ = 0. Hence, it is important to find knots for which higher powers of β do not vanish. The torus knot T 5,6 admits a class u ∈ H 5,31 Z 2 (T 5,6 ), such that β e (u) = 0 but β o β e β o (u) = 0. Unfortunately, larger knots are beyond the capabilities of our computer program [Sh∞] , so that we did not succeed in finding a knot for which β 4 = 0. Nonetheless, we expect that there are examples of knots for which higher powers of β are nonzero.
Conjecture 3.8. The operation β n does not vanish for the torus knot T 2n−1,2n . In particular, for every n ∈ N there exists a knot K n such that the operations β n , β n−1 β e , and β n−1 β o on H Z 2 (K n ) are nonzero and pairwise different.
Integral lifts
As explained in Section 2, H ξ (L) can be regarded as an extension of both even and odd Khovanov homology theories. This leads to homological operations between integral Khovanov homologies of a link:
o (L), the connecting homomorphism for the sequence (6) and 2.
e (L), the connecting homomorphism for the sequence (7).
Both operations are link invariants, because they arise as Bockstein homomorphisms associated to the short exact sequences of Z ξ -modules
respectively, considered as coefficients for the unified Khovanov homology C ξ (D). As in the case of Khovanov complexes, these sequences are consequences of the pullback description of Z ξ .
Tensoring the exact sequences (16) and (17) with Z 2 reveals that ϕ eo and ϕ oe are integral lifts of Bockstein homomorphisms from the previous section.
Proposition 4.1. Given a link L, there are commuting squares
Proof. We start with finding a formula for ϕ eo using the pullback description of C ξ (L). Pick a cocycle x ∈ C e (L); it is covered by (x, x) ∈ C ξ (L), where we identify the even and odd chain groups in the natural way. Then
is the image of Indeed, it is enough to find a link L and a class a ∈ H o (L) (resp. a ∈ H e (L)) such that the composition · · · β o β e (resp. · · · β e β o ) does not vanish on the Z 2 -reductionā ∈ H Z 2 (L). In particular, we know that
• both ϕ eo ϕ oe and ϕ oe ϕ eo are nonzero for 10 124 = T 3,5 , and • ϕ eo ϕ oe ϕ eo is nonzero for T 5,6 .
We expect higher torus knots to provide examples for which longer compositions are nontrivial.
The ring Z ξ is the only nontrivial extension between Z e and Z o . Indeed, free resolutions of Z e and Z o are given by infinite sequences
from which one computes
Corollary 4.4. The operations ϕ eo and ϕ oe are the only nontrivial Bockstein-type operations between the even and odd Khovanov homology.
Similarly to the Z 2 case, the operations ϕ eo and ϕ oe are primitive when regarded as operations acting on the direct sum of the even and odd Khovanov homology. Indeed, if we write 
and likewise for H o and
, and the operations ϕ eo and ϕ oe regarded as endomorphisms
can be identified with matrices Remark 4.5. Using the primitivity as defined above, one may try to prove Conjecture 4.3 without referring to the Z 2 -operations. Unfortunately, Φ 2 r is again primitive for every r > 0, due to the binomial formula (15) and Corollary 4.2.
Reduced Khovanov homology
Given a diagram D of a knot K, choose a point b on D and consider the cobordism merging a circle to D at the point b, as shown in Figure 3 . This operation induces on the chain complex C ξ (D) a module structure over A ξ = Z ξ v + ⊕ Z ξ v − , the algebra associated to a circle. This structure is independent of the chosen point b, see [Pu14] .
Consider the subcomplex C ξ (D) of C ξ (D) spanned by the chains annihilated by v − . We call its homology the reduced unified homology H ξ (K) of K. A quick comparison with definitions of the reduced even and odd Khovanov homology [Kh04, ORS13] reveals that both are specializations of H ξ (K), cf. (2):
In particular, there are reduced versions of all the homological operations defined so far:
• the reduced Bockstein operationsβ e ,β o :
(K), and
e (K). Clearly, the reduced homology is multiplicative with respect to the connected sum of knots, which implies that reductions of #-primitive operations are primitive. In particular, all the reduced Bockstein homomorphisms are primitive. As before, we conjecture that the reduced Bockstein homomorphisms satisfy only the obvious relations.
Conjecture 5.1. The alternating compositions of reduced Bockstein homomorphisms are nonzero and different, and so are their integral lifts (given as alternating compositions ofφ eo andφ oe ).
Example 5.2. The torus knot T 4,5 admits a class u ∈ H Z 2 (T 4,5 ), on whichβ e vanishes but β eβo does not, see Figure 4 .
Experimental results
We computed ranks of all the homological operations discussed in this paper in every bigrading for all prime knots with up to 16 crossings using KhoHo [Sh∞] . We then compared these ranks for pairs of knots that have the same even and odd Khovanov homology. As discussed in the Introduction, the ranks of Bockstein homomorphisms β e and β o are fully determined by the even and odd Khovanov homology. Therefore, they do not provide any new information. However, the mixed Bockstein β = β e + β o is different. It turns out that there exist 7 pairs of prime knots (14 if counted with mirror images) with up to 14 crossings β distinguishes their mirror images as well, but no other reduced homological operation does. See Figure 6 for an example.
We finish this paper with a few more conjectures of various levels of plausibility.
Conjecture 6.5. Every two knots that are distinguished by the ranks of ϕ eo are also distinguished by those of ϕ oe and vise versa. The same is also true forφ eo andφ oe . Conjecture 6.6. H ξ (L) is even stronger invariant than ranks of all the homological operations discussed in this paper.
